ON THE NONEXISTENCE OF FAT 
PARTIALLY HYPERBOLIC HORSESHOES 



JOSE F. ALVES AND VILTON PINHEIRO 

Abstract. We show that there are no partially hyperbolic horseshoes 
with positive Lebesgue measure for diffeomorphisms whose class of dif- 
ferentiability is higher than 1. This generalizes a classical result by 
Bowen for uniformly hyperbolic horseshoes. 
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1. Introduction 

Let M be a Riemannian manifold. We use Leb to denote a normalized 
volume form defined on the Borel sets of M that we call Lebesgue measure. 
Given a submanifold 7 C M we use Leb 7 to denote the measure on 7 induced 
by the restriction of the Riemannian structure to 7. 

Let / : M — > M be a C 1 diffeomorphism, and let A C M be a compact 
invariant set, i.e. /(A) C A. We say that A is a hyperbolic set if there is a 
Z?/-invariant splitting T\M = E S ®E U of the tangent bundle restricted to A 
and a constant A < 1 such that (for some choice of a Riemannian metric on 
M) for every x E A 

- 1 I El\ 



\\Df\E s x \\<\ and \\Df 



< A. 



We say that an embedded disk 7 C M is an unstable manifold, or an 
unstable disk, if dist(/ _ra (x), f~ n (y)) — ► exponentially fast as n — > 00, for 
every x,y £ 7. Similarly, 7 is called a stable manifold, or a stable disk, if 
dist(/ n (x), f n (y)) — > exponentially fast as n — > 00, for every x,y £ 7. It 
is well-known that every point in a hyperbolic set possesses a local stable 
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manifold W^ c (x) and a local unstable manifold W™ oc {x) which are disks 
tangent to E x and E x at x respectively. 

A hyperbolic set A is said to be a horseshoe if local stable and local un- 
stable manifolds through points in A intersect A in a Cantor set. Horseshoes 
were introduced by Smale and appear naturally when one unfolds a homo- 
clinic tangency associated to some hyperbolic periodic point of saddle type. 
It follows from |1J Theorem 4.11] that a C 1+a diffeomorphism cannot have 
a fat hyperbolic horseshoe, i.e. a hyperbolic horseshoe A with Leb(A) > 0; 
actually the result in [3] is proved for basic sets. Nevertheless, here we ob- 
tain a generalization of that result to a much more general situation. Let 
us remark that fat hyperbolic horseshoes exist for C 1 diffeomorphisms, as 
shown in jSJ. 

We say that a compact invariant set A has a dominated splitting if there 
exists a continuous Z)/-invariant splitting T\M = E cs © E cu of the tangent 
bundle restricted to A, and a constant < A < 1 such that (for some choice 
of a Riemannian metric on M) for every x G A 

\\Df\Ef\\.\\Df- 1 \Ef (x) \\<\. 

We call E cs the centre-stable bundle and E cu the centre-unstable bundle. We 
say that / is non-uniformly expanding along the centre-unstable direction for 
x G A if 

liminf - VlogHAT 1 I E%, x) \\ < 0. (NUE) 

3=1 

Condition lNUEI means that the derivative has expanding behavior in average 
over the orbit of x. This implies that x has &vai{E cu ) positive Lypaunov ex- 
ponents in the E x u direction. As shown in [2J Theorem C], if condition INUEI 
holds for every point in a compact invariant set A, then E cu is necessarily 
uniformly expanding in A, i.e. there is < A < 1 such that 

\\Df- 1 | Ef {x) || < A, for every x G A. 

A class of diffeomorphisms with a dominated splitting TM = E cs © E cu 
for which INUEI holds Lebesgue almost everywhere in M and E cu is not 
uniformly expanding can be found in ^ Appendix A] . 

Theorem A. Let f : M — > M be a C l+a diffeomorphism and let AcM 
have a dominated splitting. If there is H C A with Leb(ff) > such that 
\NUFX holds for every x G H , then A contains some local unstable disk. 

We say that a compact invariant set A is partially hyperbolic if it has a 
dominated splitting T\M = E CS ®E CU for which E cs is uniformly contracting 
or E cu is uniformly expanding, meaning that there is < A < 1 such that 
< A < 1 such that \\Df | E™\\ < A for every x G A, or ||-D/ _1 | Ef (x) \\ < A 
for every x G A. 

The next result is a direct consequence of Theorem whenever E cu is 
uniformly expanding. If, on the other hand, E cs is uniformly contracting, 
then we just have to apply Theorem lAl to / . 
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Corollary B. Let f : M — > M be a C 1+a diffeomorphism and let A C M 
be a partially hyperbolic set with Leb(A) > 0. 

(1) If E cs is uniformly contracting, then A contains a local stable disk. 

(2) If E cu is uniformly expanding, then A contains a local unstable disk. 

In particular, C 1+a diffeomorphisms cannot have partially hyperbolic 
horseshoes with positive Lebesgue measure. The same holds for partially 
hyperbolic sets intersecting a local stable or a local unstable disk in a posi- 
tive Lebesgue measure subset, as Corollary iDl below shows. 

Theorem C. Let f : M — > M be a C 1+a diffeomorphism and let A C M 
have a dominated splitting. Assume that there is a local unstable disk 7 with 
Leb 7 (7n A) > such that ANUM holds for every x £ 7 Pi A. Then A contains 
some local unstable disk. 

The next result is a direct consequence of Theorem |0 in the case that 
E cu is uniformly expanding, and a consequence of the theorem applied to 
/ _1 in the case that E cs is uniformly contracting. 

Corollary D. Let f : M — > M be a C 1+a diffeomorphism and let A C M 
be a partially hyperbolic set. 

(1) If E cs is uniformly contracting and there is a local stable disk 7 such 
that Leb 7 (7 n A) > 0, then A contains a local stable disk. 

(2) If E cu is uniformly expanding and there is a local unstable disk 7 
such that Leb 7 (7 n A) > 0, then A contains a local unstable disk. 

Theorems and [U] are in fact corollaries of a slightly more general result 
that we present at the beginning of Section 2] 

Acknowledgement. We are grateful to M. Viana for valuable references 
on this topic. 

2. Holder control of tangent direction 

This section is a survey of results in 1, Section 2] concerning the Holder 
control of the tangent direction of submanifolds. As observed in p] Remark 
2.3] those results are valid for diffeomorphisms of class C 1+a . In this section 
we only use the existence of a dominated splitting T^M = E cs ®E CU . We fix 
continuous extensions of the two bundles E cs and E cu to some neighborhood 
U of A, that we denote by E cs and E cu . We do not require these extensions 
to be invariant under Df. Given < a < 1, we define the centre-unstable 
cone field C^ u = (C^ w (x)) xeU of width a by 

Cl u [x) = {VX + V2 e E™®E™ such that |H| < a\\v 2 \\}. (1) 

We define the centre-stable cone field C^ s = (C^ s (x)) xeU of width a in a 
similar way, just reversing the roles of the subbundles in We fix a > 
and U small enough so that, up to slightly increasing A < 1, the domination 
condition remains valid for any pair of vectors in the two cone fields: 

\\Df(x)v cs \\ ■ \\Df-\f{x))v cu \\ < X\\v cs \\ |K1 
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for every v cs G C™{x), v cu G C^ u (f(x)), and any point x <E U Pi f 1 (U). 
Note that the centre-unstable cone field is positively invariant: 

7J>/(x)C™(x) C C^(f(x)), whenever x, /(x) G [/. 

Indeed, the domination property together with the invariance of E cu = 
(E cu | A) imply that 

Df(x)C?{x) C CZ(f(x)) C C«(/(x)), 

for every x G if. This extends to any x G f7 D f~ l (U) just by continuity 

We say that an embedded C 1 submanifold N C 17 is tangent to the centre- 
unstable cone field if the tangent subspace to N at each point x G N is 
contained in the corresponding cone C% u (x). Then /(iV) is also tangent to 
the centre-unstable cone field, if it is contained in U, by the domination 
property. 

Our aim now is to express the notion of Holder variation of the tangent 
bundle in local coordinates. We choose So > small enough so that the 
inverse of the exponential map exp^ is defined on the <5o neighbourhood of 
every point x in U. From now on we identify this neighbourhood of x with 
the corresponding neighbourhood U x of the origin in T X N , through the local 
chart defined by exp" 1 . Reducing So, if necessary, we may suppose that E x s 
is contained in the centre-stable cone C^ s (y) of every y G U x . In particular, 
the intersection of C^ u (y) with E x s reduces to the zero vector. Then, the 
tangent space to N at y is parallel to the graph of a unique linear map 
A x (y) : T X N — > E° s . Given constants C > and < £ < 1, we say that the 
tangent bundle to N is (C, £) -Holder if for every y G N n U x and x G Vo 

\\A x {y)\\<Cd x {yf, (2) 

where d x (y) denotes the distance from x to y along N n U x , defined as the 
length of the shortest curve connecting x to y inside N Pi U x . 

Recall that we have chosen the neighbourhood U and the cone width a 
sufficiently small so that the domination property remains valid for vectors 
in the cones C^ s (z), C^ u (z), and for any point z in U. Then, there exist 
Ai G (A, 1) and C G (0, 1] such that 

\\Df(z)v cs \\ • WDf-^fiz^f+t < Ax < 1 (3) 

for every norm 1 vectors v cs G C^ s (z) and v cu G C^ u (z), at any z G U. 
Then, up to reducing <5o > and slightly increasing Ai < 1, condition (j3J) 
remains true if we replace z by any y G U x , x G U (taking || • || to mean the 
Riemannian metric in the corresponding local chart). 

We fix £ and Ai as above. Given a C 1 submanifold N C U, we define 

k(N) = inf{C > : the tangent bundle of N is (C, C)-H61der}. (4) 

The next result appears in ^ Corollary 2.4]. 

Proposition 2.1. There exists C\ > such that, given any C 1 submanifold 
N C U tangent to the centre-unstable cone field, 
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(1) there exists no > 1 such that n(f n (N)) < C\ for every n > uq such 
that f k (N) CU for allO <k< n; 

(2) if k(N) < C\, then the same is true for every iterate f n (N) such 
that f k {N) CU for allO <k< n; 

(3) in particular, if N and n are as in (2), then the functions 

Jk ■ f k (N) 3ih log|det (Df | T x f k (N))\, < k < n, 
are (L, Q-Holder continuous with L > depending only on C\ and f. 

3. Hyperbolic times and bounded distortion 

The following notion will allow us to derive uniform behaviour (expansion, 
distortion) from the non-uniform expansion. 

Definition 3.1. Given a < 1, we say that n is a a- hyperbolic time for 
x G A if 

n 

Y\ \\Df- 1 I EjJ {x) \\ < a k , forall\<k<n. 

j=n—k+l 

In particular, if n is a u-hyperbolic time for x, then Df~ k \ EJ^^ is a 
contraction for every 1 < k < n: 

n 

\\Df- k \Ef n{x) \\< n \\Df^\Ef ](x) \\<a k . 

j=n—k+l 

Moreover, if a > is taken sufficiently small in the definition of our cone 
fields, and we choose 5\ > also small so that the (^-neighborhood of A 
should be contained in U, then by continuity 

\\Df-\m)v\\ < -±=\\Dr l \Ef [x) \\ \\vl (5) 

whenever x G A, dist(x,y) < <5i, and v G C^ u (y). 

Given any disk A C M, we use distA^, y) to denote the distance between 
x,y G A, measured along A. The distance from a point x G A to the 
boundary of A is distA(x, <9A) = inf ye aA distA(x, y)- 

Lemma 3.2. Take any C 1 disk A C U of radius 5, with < S < 6±, tangent 
to the centre-unstable cone field. There is uq > 1 such that if x G A with 
distA(x, <9A) > 8/2 and n> uq is a a-hyperbolic time for x, then there is a 
neighborhood V n of x in A such that: 

(1) f n maps V n diffeomorphically onto a disk of radius 5\ around f n (x) 
tangent to the centre-unstable cone field; 

(2) for every 1 < k < n and y, z G V n , 

d\st fn - HVn) (r- k (y),f n - k (z)) < a k ' 2 di S t fHVn) (r{y),r{z)). 
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Proof. First we show that / n (A) contains some disk of radius S\ around 
f n (x), as long as 

n log(S/(2S 1 )) 

n > 2 — - — — . (6 

log(o-) 

Assume that there is y E <9A with dist fn^(f n (x), f n {y)) < S\. Let t]q be a 
curve of minimal length in /"(A) connecting f n {x) to f n (y). For < k < n 
we write rjk = f n ~ k (i]o)- We prove by induction that length^) < a k / 2 8i, 
for < k < n. Let 1 < k < n and assume that 

length^-) < a j / 2 5i, for < j < k — 1. 

Denote by r]o(w) the tangent vector to the curve tjq at the point w. Then, 
by the choice of 5± in (J2J) and the definition of cr-hyperbolic time, 

n 

\\Df- k (w)Uw)\\ < <J- k/2 ||7)oNH II W D r l \Ef j{x) \\ < ^/ 2 ||r)oH||. 

j=n— fe+1 

Hence, 

length(?7 fc ) < <T fc/2 length (rj ) < a k/2 5i . 

This completes our induction. In particular, we have length(r/ n ) < a n / 2 5i . 
Note that r] n is a curve in A connecting x to y G 3A, and so length(r? n ) > 
5/2. Thus we must have 

n ^ 2 logQS/(2fttt 

log(cr) 

Hence / n (A) contains some disk of radius 5\ around f n (x) for n as in ©. 

Let now Ai be the disk of radius 5± around f n {x) in / n (A) and let 
V n = / _n (Ai), for n as in 0. Take any y, z G V n and let t]q be a curve of 
minimal length in Ai connecting f n (y) to f n (z). Defining % = f n ~~ k (rio), 
for 1 < k < n, and arguing as before we inductively prove that for 1 < k < n 

length^) < ^length^o) = a k ' 2 dist MVn) (f n (y), f n (z)), 

which implies that for 1 < k < n 

d\st fn - k{Vn) (r- k (y)J n - k (z)) < a k l 2 d\st fHVn) (r(y)J n (z)). 

This completes the proof of the lemma. □ 

We shall sometimes refer to the sets V n as hyperbolic pre-balls and to their 
images f n (V n ) as hyperbolic balls. Notice that the latter are indeed balls of 
radius 8\. 

Corollary 3.3 (Bounded Distortion). There exists C2 > 1 such that 
given A as in Lemma \3.!& with k(A) < C\, and given any hyperbolic pre-ball 
V n C A with n > no, then for all y,z £ V n 

1 |detJ>/"|r y A| 
C 2 - |det Df n I T Z A\ ~ 2 ' 
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Proof. For < i < n and y € A, we denote Jj(y) = | det Df \ Tfi^f(A)\. 
Then, 

, \ det Df n | T V A\ vp \ / T / . _ T/ 

I 2 = 

By Proposition 12. 11 log J, is (L, £)-H61der continuous, for some uniform con- 
stant L > 0. Moreover, by Lemma the sum of all distA^O/), P(z)p 
over < j < n is bounded by 5i/(l — <W 2 ). Now it suffices to take 
C 2 = exp(L<5i/(l - tj^ 2 )). ' □ 



4. A LOCAL UNSTABLE DISK INSIDE A 

Now we are able to prove Theorems lAl and IU1 These will be obtained as 
corollaries of the next result, as we shall see below. 

Theorem 4.1. Let f : M — > M be a C 1+a diffeomorphism and let A C M 
have a dominated splitting. Assume that there is a disk A tangent to the 
centre-unstable cone field with LebA(A n A) > such that I NlLT\ holds for 
every x £ A n A. Then A contains some local unstable disk. 

Assume that there is H C A with Leb(H) > such that INUEl holds for 
every x G H. Choosing a Leb density point of H, we laminate a neigh- 
borhood of that point into disks tangent to the centre-unstable cone field 
contained in U. Since the relative Lebesgue measure of the intersections of 
these disks with H cannot be all equal to zero, we obtain some disk A as in 
Theorem 14. II under the assumption of Theorem lAl For Theorem [UJ observe 
that local stable manifolds are tangent to the centre-unstable spaces and 
these vary continuously with the points in A, thus being locally tangent to 
the centre-unstable cone field. 

Let us now prove Theorem 14.11 Let A be a disk tangent to the centre- 
unstable cone field intersecting A in a positive LebA subset such that INUEl 
holds for every x E An A. Let H = An A. Taking a subset of H, if 
necessary, still with positive LebA measure, we may assume that there is 
c > such that for every x £ H 

1 n 

liminf-^logll^r 1 | £^ ( J| < -c. (7) 

Since condition (JJJ) remains valid under iteration, by Proposition ^. II we may 
assume that k(A) <C\. It is no restriction to assume that H intersects the 
sub-disk of A of radius 5/2, for some < 8 < 6±, in a positive LebA subset, 
and we do so. 

The following lemma is due to Pliss UJ, and a proof of it in the present 
form can be found in fIJ Lemma 3.1]. 
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Lemma 4.2 (Pliss). Given A > c 2 > c\ > 0, let 9 = (c 2 - c\)/(A - c\). 
Given any real numbers a±, . . . , a at such that aj < A and 

N 

aj > C2N, for every 1 < j < N, 
then there are I > ON and 1 < n± < ■ ■ ■ < ni < N so that 

rii 

aj > C\(ni — n), for every < n < and i = 1, . . . , /. 

j=n+l 

Corollary 4.3. There is a > such that every x £ H has infinitely many 
a -hyperbolic times. 

Proof. Given x G H, by (J7J) we have infinitely many values N for which 

TV 

Then it suffices to take c\ = c/2, c 2 = c, A = sup | log ll-D/ -1 !-^"!! |, and 
aj = — log \\Df~ 1 |J5^, J| in the previous lemma. □ 

Note that under assumption ((7J) we are unable to prove the existence of a 
positive frequency of hyperbolic times at infinity. This would be possible if 
we had limsup instead of liminf in 0, as shown in ^ Corollary 3.2]. The 
existence of infinitely many hyperbolic times is enough for what comes next. 

Lemma 4.4. There are an infinite sequence of integers 1 < k\ < /c 2 < • • • 
and, for each n £ N, a disk A n of radius <5i/4 tangent to the centre-unstable 
cone field such that the relative Lebesgue measure of the set f kn (H) in A n 
converges to 1 as n — > 00. 

Proof. Let e > be some small number. Let K be a compact subset of H 
and A be an open neighborhood of H in A such that 

Leh A {A\K) < eLeb A (K). 

It follows from Corollary 14.31 and Lemma 13.21 that we can choose for each 
x E K a a-hyperbolic time n{x) and a hyperbolic pre-ball V x such that 
V x C A. Here V x is the neighborhood of x associated to the hyperbolic 
time n(x) constructed in Lemma 13.21 which is mapped diffeomorphically 
by / n ( x ) onto a ball Bs 1 (f n ^ x \x)) of radius 5± around f n ( x \x) tangent to 
the centre-unstable cone field. Let W x C ^ be the pre-image of the ball 
Bs 1 //i{f ri ^ x \x)) of radius <5i/4 under this diffeomorphism. 

By compactness we have K C W Xl U ... U W Xa for some x±, ...,x m G K. 
Writing 

{ni,...,n s } = {n(xi),...,n(x m )}, with m < n 2 < ... < n s , (8) 

let U\ C N be a maximal set of {1, m} such that if u E ti\ then n{x u ) = n\ 
and W Xu n W Xa = for all a E U\ with a / u. Inductively we define Uj 
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for 1 < j < s as follows. Suppose that Uj-\ has already been defined. Let 
lAj C N be a maximal set of {1, . . . , m} such that if u £ lAj then n(x u ) = rij 
and W Xu n W Xa = for all a G Uj with a ^ u, and also W Xu n W Xa = for 
all aeWiU ... UZ/,_i. 

Let U = U\ U • • • U IA S . By maximality, each W Xi , 1 < i < m, intersects 
some W Xu with u £ U and n(xj) > n(x u ). Thus, given any 1 < i < m and 
taking u <ElA such that W Xi n W Xtl 7^ and n(xi) > n(x u ), we get 

P M (w Xt )nB Sl/i (p^(x u ))yt®. 

Lemma 13.21 assures that 

Si 



< 



2 ' 



and so 

f nM (W Xi )cB Sl (f n{Xu \xu)). 
This implies that W x% C V Xu . Hence {V Xu } u eU is a covering of if. 

It follows from Corollary 13.31 that there is a uniform constant 7 > such 
that 

Leb A (W Xu ] 



Hence 



Leb A (V Xu 
Leb A ( U UEU W Xu ) 



> 7, for every u 6W. 



> 



^Leb A (^.J 

M6W 



> 7Leb A ( U u6W 

> 7Leb A (K). 



Setting 



we have 



mm 



( Leb A (H^\if) 
I LebACW^J 



: u eU 



sheb A (K) 



> 
> 



Leb A {A\K) 
Leb A ( U ueU W Xu \ K) 

J2Leb A (W Xu \K) 

ueu 

> pLeb A (u ueU W Xu ) 

> p~fLeb A (K). 

This implies that p < e/7. Since e > can be taken arbitrarily small, 
we may always choose W Xu such that the relative Lebesgue measure of K 
in W Xu is arbitrarily close to 1. Then, by bounded distortion, the relative 
Lebesgue measure of f n ( x -u)(H) D f n \ x ^)[K) in f n ^ Xu \W Xu ), which is a disk 
of radius Si/4 around f n ^ Xu \x u ) tangent to centre-unstable cone field, is 



> 
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also arbitrarily close to 1. Observe that since points in H have infinitely 
many hyperbolic times, we may take the integer n(x u ) arbitrarily large, as 
long as n\ in (jHJ) is also taken large enough. □ 

Proposition 4.5. There is a local unstable disk Aqo of radius <5i/4 inside A. 

Proof. Let (A n ) n be the sequence of disks given by Lemma 11*741 and consider 
(x n ) n the sequence of points at which these disks are centered. Up to taking 
subsequences, we may assume that the centers of the disks converge to some 
point x. Using Ascoli-Arzela, the disks converge to some disk Aoo centered 
at x. By construction, every point in A^ is accumulated by some orbit of 
a point in H C A, and so A m C A. 

Note that each A n is contained in the £; n -iterate of A, which is a disk 
tangent to the centre- unstable cone field. The domination property implies 
that the angle between A n and E cu goes to zero as n — > oo, uniformly on 
A. In particular, A^ is tangent to E cu at every point in A ro C A. By 
Lemma 13.21 given any k > 1, then f~~ k is a cr fc / 2 -contraction on A n for every 
large n. Passing to the limit, we get that f~ k is a cr fc / 2 -contraction on A^ 
for every k > 1. 

In particular, we have shown that the subspace E^ u is uniformly expand- 
ing for Df. The fact that the D/-invariant splitting T A M = E cs E cu 
is a dominated splitting implies that any expansion Df may exhibit along 
the complementary direction E%? is weaker than the expansion in the E™ 
direction. Then, by [5], there exists a unique unstable manifold W^ oc {x) 
tangent to E cu and which is contracted by the negative iterates of /. Since 
Aqo is contracted by every f~ k , and all its negative iterates are tangent to 
centre- unstable cone field, then Aqo is contained in W^ c (x). □ 
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